Abstract. This paper presents regularity results and associated high-order numerical methods for one-dimensional Fractional-Laplacian boundary-value problems. On the basis of a factorization of solutions as a product of a certain edge-singular weight ω times a "regular" unknown, a characterization of the regularity of solutions is obtained in terms of the smoothness of the corresponding right-hand sides. In particular, for right-hand sides which are analytic in a Bernstein Ellipse, analyticity in the same Bernstein Ellipse is obtained for the "regular" unknown. Moreover, a sharp Sobolev regularity result is presented which completely characterizes the co-domain of the Fractional-Laplacian operator in terms of certain weighted Sobolev spaces introduced in (Babuška and Guo, SIAM J. Numer. Anal. 2002). The present theoretical treatment relies on a full eigendecomposition for a certain weighted integral operator in terms of the Gegenbauer polynomial basis. The proposed Gegenbauer-based Nyström numerical method for the Fractional-Laplacian Dirichlet problem, further, is significantly more accurate and efficient than other algorithms considered previously. The sharp error estimates presented in this paper indicate that the proposed algorithm is spectrally accurate, with convergence rates that only depend on the smoothness of the right-hand side. In particular, convergence is exponentially fast (resp. faster than any power of the mesh-size) for analytic (resp. infinitely smooth) right-hand sides. The properties of the algorithm are illustrated with a variety of numerical results.
Introduction
Over the last few years nonlocal models have increasingly impacted upon a number of important fields in science and technology. The evidence of anomalous diffusion processes, for example, has been found in several physical and social environments [26, 30] , and corresponding transport models have been proposed in various areas such as electrodiffusion in nerve cells [28] and ground-water solute transport [7] . Non-local models have also been proposed in fields such as finance [13, 14] and image processing [19, 20] . One of the fundamental non-local operators is the Fractional Laplacian (−∆) s (0 < s < 1) which, from a probabilistic point of view corresponds to the infinitesimal generator of a stable Lévy process [38] .
The present contribution addresses theoretical questions and puts forth numerical algorithms for the numerical solution of the Dirichlet problem (1.1) (−∆) s u = f in Ω, u = 0 in Ω c on a bounded one-dimensional domain Ω consisting of a union of a finite number of intervals (whose closures are assumed mutually disjoint). This approach to enforcement of (nonlocal) boundary conditions in a bounded domain Ω arises naturally in connection with the long jump random walk approach to the Fractional Laplacian [38] . In such random walk processes, jumps of arbitrarily long distances are allowed. Thus, the payoff of the process, which corresponds to the boundary datum of the Dirichlet problem, needs to be prescribed in Ω c .
Letting s and n denote a real number (0 < s < 1) and the spatial dimension (n = 1 throughout this paper), and using the normalization constant [17] C n (s) = 2 2s sΓ(s + s -since, for example, L s admits smooth eigenfunctions (at least for smooth domains) Ω while (−∆) s does not; see [35] . Remark 1.2. A finite element approach for problems concerning the operator L s (cf. Remark 1.1) was proposed in [31] on the basis of extension ideas first introduced in [12] for the operator (−∆) s in R n which were subsequently developed in [9] for the bounded-domain operator L s . As far as we know, however, approaches based on extension theorems have not as yet been proposed for the Dirichlet problem (1.1).
Various numerical methods have been proposed recently for equations associated with the Fractional Laplacian (−∆)
s in bounded domains. Restricting attention to one-dimensional problems, Huang and Oberman [24] presented a numerical algorithm that combines finite differences with a quadrature rule in an unbounded domain. Numerical evidence provided in that paper for smooth right-hand sides (cf. Figure 7 (b) therein) indicates convergence to solutions of (1.1) with an order O(h s ), in the infinity norm, as the meshsize h tends to zero (albeith orders as high as O(h 3−2s ) are demonstrated in that contribution for singular right-hand sides f that make the solution u smooth). Since the order s lies between zero and one, the O(h s ) convergence provided by this algorithm can be quite slow, specially for small values of s. D'Elia and Gunzburger [16] , in turn, proved convergence of order h 1/2 for a finite-element solution of an associated one-dimensional nonlocal operator that approximates the one-dimensional fractional Laplacian. These authors also suggested that an improved solution algorithm, with increased convergence order, might require explicit consideration of the solution's boundary singularities. The contribution [3] , finally, studies the regularity of solutions of the Dirichlet problem (1.1) and it introduces certain graded meshes for integration in one-and two-dimensional domains. The rigorous error bounds and numerical experiments provided in [3] demonstrate an accuracy of the order of h 1/2 | log h| and h| log h| for all s, in certain weighted Sobolev norms, for solutions obtained by means of uniform and graded meshes, respectively.
Difficulties in the numerical treatment of the Dirichlet problem (1.1) stem mainly from the singular character of the solutions of this problem near boundaries. A recent regularity result in this regards was provided in [32] . In particular, this contribution establishes the global Hölder regularity of solutions of the general ndimensional version of equation (1.1) (n ≥ 1) and it provides a certain boundary regularity result: the quotient u(x)/ω s (x) remains bounded as x → ∂Ω, where ω is a smooth function that behaves like dist(x, Ω c ) near ∂Ω. This result was then generalized in [21] , where, using pseudo-differential calculus, a certain regularity result is established in terms of Hörmander µ-spaces: in particular, for the regular Sobolev spaces H r (Ω), it is shown that if f ∈ H r (Ω) for some r > 0 then the solution u may be written as w s φ + χ, where φ ∈ H r+s (Ω) and χ ∈ H r+2s 0
(Ω). Interior regularity results for the Fractional Laplacian and related operators have also been the object of recent studies [4, 15] .
The sharp regularity results put forth in the present contribution, in turn, are related to but different from those mentioned above. Indeed the present regularity theorems show that the fractional Laplacian in fact induces a bijection between certain weighted Sobolev spaces. Using an appropriate version of the Sobolev lemma put forth in Section 4, these results imply, in particular, that the regular factors in the decompositions of fractional Laplacian solutions admit k continuous derivatives for a certain value of k that depends on the regularity of the right-hand side. Additionally, this paper establishes the operator regularity in spaces of analytic functions: denoting by A ρ the space of analytic functions in the Bernstein Ellipse E ρ , the weighted operator K s (φ) = (−∆) s (ω s φ) maps A ρ into itself bijectively. In other words, for a right-hand side which is analytic in a Bernstein Ellipse, the solution is characterized as the product of an analytic function in the same Bernstein Ellipse times an explicit singular weight.
The theoretical treatment presented in this paper is essentially self-contained. This approach recasts the problem as an integral equation in a bounded domain, and it proceeds by computing certain singular exponents α that make (−∆) s (ω α φ(x)) analytic near the boundary for every polynomial φ. As shown in Theorem 3.7 a infinite sequence of such values of α is given by α n = s + n for all n ≥ 0. Morever, Section 3.2 shows that the weighted operator K s maps polynomials of degree n into polynomials of degree n-and it provides explicit closed-form expressions for the images of each polynomial φ.
A certain hypersingular form we present for the operator K s leads to consideration of a weighted L 2 space wherein K s is self-adjoint. In view of the aforementioned polynomial-mapping properties of the operator K s it follows that this operator is diagonal in a basis of orthogonal polynomials with respect to a corresponding inner product. A related diagonal form was obtained in the recent independent contribution [18] by employing arguments based on Mellin transforms. The diagonal form [18] provides, in particular, a family of explicit solutions in the n dimensional ball in R n , which are given by products of the singular term (1 − |z| 2 ) s and general Meijer G-Functions. The diagonalization approach proposed in this paper, which is restricted to the one-dimensional case, is elementary and is succinctly expressed: the eigenfunctions are precisely the Gegenbauer polynomials.
This paper is organized as follows: Section 2 casts the problem as an integral equation, and Section 3 analyzes the boundary singularity and produces a diagonal form for the single-interval problem. Relying on the Gegenbauer eigenfunctions and associated expansions found in Section 3, Section 4 presents the aforementioned Sobolev and analytic regularity results for the solution u, and it includes a weighted-space version of the Sobolev lemma. Similarly, utilizing Gegenbauer expansions in conjunction with Nyström discretizations and taking into account the analytic structure of the edge singularity, Section 5 presents a highly accurate and efficient numerical solver for Fractional-Laplacian equations posed on a union of finitely many one-dimensional intervals. The sharp error estimates presented in Section 5 indicate that the proposed algorithm is spectrally accurate, with convergence rates that only depend on the smoothness of the right-hand side. In particular, convergence is exponentially fast (resp. faster than any power of the mesh-size) for analytic (resp. infinitely smooth) right-hand sides. A variety of numerical results presented in Section 6 demonstrate the character of the proposed solver: the new algorithm is significantly more accurate and efficient than those resulting from previous approaches.
Hypersingular Bounded-Domain Formulation
In this section the one-dimensional operator
together with Dirichlet boundary conditions outside the bounded domain Ω, is expressed as an integral over Ω. The Dirichlet problem (1.1) is then identified with a hypersingular version of Symm's integral equation; the precise statement is provided in Lemma 2.3 below. In accordance with Section 1, throughout this paper we assume the following definition holds.
Definition 2.1. The domain Ω equals a finite union
(Ω) will denote, for a given open set Ω ⊂ R, the space of all functions u ∈ C 2 (Ω) ∩ C(R) that vanish outside of Ω. For Ω = (a, b) we will simply write
The following lemma provides a useful expression for the Fractional Laplacian operator in terms of a certain integro-differential operator. For clarity the result is first presented in the following lemma for the case Ω = (a, b); the generalization to domains Ω of the form (2.2) then follows easily in Corollary 2.5. (a, b) , let x ∈ R, x ∈ ∂Ω = {a, b}, and define
We then have
Proof. We note that, since the support of u = u(x) is contained in [a, b], for each x ∈ R the support of the translated function u = u(x − y) as a function of y is contained in the set [x − b, x − a]. Thus, using the decomposition
, we obtain the following expression for (−∆) s u(x): (2.6)
We consider first the case x ∈ [a, b], for which (2.6) becomes
Noting that the integrand (2.7) is smooth, integration by parts yields (2.8)
, and, thus, letting z = x − y we obtain
Then, letting
replacing (2.10) in (2.9) and exchanging the x-differentiation and z-integration yields the desired expressions (2.4) and (2.5) . This completes the proof in the case x ∈ [a, b].
Let us now consider the case x ∈ (a, b). The second term in (2.6) can be computed exactly; we clearly have (2.11)
In order to integrate by parts in the P.V. integral in (2.6) consider the set
Then, defining
integration by parts yields
, on the other hand, exactly cancels the boundary terms in equation (2.11) . For the values x ∈ (a, b) under consideration, a Taylor expansion in ε around ε = 0 additionally tells us that the quotient δ 2 ε ε 2s tends to 0 as ε → 0. Therefore, using the change of variables z = x − y and letting ε → 0 we obtain a principal-value expression valid for x = a, x = b:
Replacing (2.10) in (2.12) then yields (2.4) and (2.5), provided that the derivative in x can be interchanged with the P.V. integral. This interchange is indeed correct, as it follows from an application of the following Lemma to the function v = u . The proof is thus complete.
Lemma 2.4.
Let Ω ⊂ R be as indicated in Definition 2.1 and let v ∈ C 1 (Ω) such that v is absolutely integrable over Ω, and let x ∈ Ω. Then the following relation holds:
Proof. See Appendix A.1.
Corollary 2.5. Given a domain Ω as in Definition (2.1), and with reference to equation (2.3), for u ∈ C 2 0 (Ω) and x ∈ ∂Ω we have -Case s = 
Proof. Given u ∈ C 2 0 (Ω) we may write u = M i u i where, for i = 1, . . . , M the function u i = u i (x) equals u(x) for x ∈ (a i , b i ) and and it equals zero elsewhere. In view of Lemma 2.3 the result is valid for each function u i and, by linearity, it is thus valid for the function u. The proof is complete. Remark 2.6. A point of particular interest arises as we examine the character of (−∆) s u with u ∈ C 2 0 (Ω) for x at or near ∂Ω. Both Lemma 2.3 and its corollary 2.5 are silent in these regards. For Ω = (a, b), for example, inspection of equation (2.12) leads one to generally expect that (−∆) s u(x) has an infinite limit as x tends to each one of the endpoints a or b. But this is not so for all functions u ∈ C 2 0 (Ω). Indeed, as established in Section 3.3, the subclass of functions in C (Ω) in terms of the integro-differential operators on the right-hand side of equations (2.4) and (2.5). A brief consideration of the proof of that lemma shows that for such representations to be valid it is essential for the function u to vanish on the boundary-as all functions in C 2 0 (a, b) do, by definition. Section 3.1 considers, however, the action under the integral operators on the right-hand side of equations (2.4) and (2.5) on certain functions u defined on Ω = (a, b) which do not necessarily vanish at a or b. To do this we study the closely related integral operators 1−2s only results in the addition of a constant term on the right-hand side of (3.1), which then yields zero upon the outer differentiation in equation (3.3) . The integrand (3.1) is selected, however, in order to insure that the kernel of S s (namely, the function C s |x − y| 
Remark 3.3. The operator T s coincides with (−∆) s for functions u that satisfy the hypothesis of Lemma 2.3, but T s does not coincide with (−∆) s for functions u which, such as those we consider in Section 3.1 below, do not vanish on ∂Ω = {a, b}. 3.1. Single-edge singularity. With reference to equations (3.4) and (2.3), and considering the aforementioned function u α (y) = y α we clearly have
As shown in Theorem 3.7 below (equation (3.12)), the functions N s α and (thus) T s [u α ] can be expressed in terms of classical special functions whose singular structure is well known. Leading to the proof of that theorem, in what follows we present a sequence of two auxiliary lemmas.
Lemma 3.5. Let E = (a, b) ⊂ R, and let C ⊆ C denote an open subset of the complex plane. Further, let f = f (t, c) be a function defined in E × C, and assume 1) f is continuous in E × C, 2) f is analytic with respect to c = c 1 + ic 2 ∈ C for each fixed t ∈ E, and 3) f is "uniformly integrable over compact subsets of C"-in the sense that for every compact set K ⊂ C the functions
tend to zero uniformly for c ∈ K as η → 0 + . Then the function
is analytic throughout C.
Proof. Let K denote a compact subset of C. For each c ∈ K and each n ∈ N we consider Riemann sums R h n (c) for the integral of f in the interval [a + η n , b − η n ], where η n is selected in such a way that h a (η n , c) ≤ 1/n and h b (η n , c) ≤ 1/n for all c ∈ K (which is clearly possible in view of the hypothesis (3.7)). The Riemann sums are defined by R h n (c) = h M j=1 f (t j , c), with h = (b − a + 2η n )/M and t j+1 − t j = h for all j.
Let n ∈ N be given. In view of the uniform continuity of f (t, c) in the compact set [a+η n , b−η n ]×K, the difference between the maximum and minimum of f (t, c) in each integration subinterval (t j , t j+1 ) ⊂ [a + η n , b − η n ] tends uniformly to zero for all c ∈ K as the integration meshsize tends to zero. It follows that a meshsize h n can be found for which the approximation error in the corresponding Riemann sum R h n (c) is uniformly small for all c ∈ K:
Thus F (c) equals a uniform limit of analytic functions over every compact subset of C, and therefore F (c) is itself analytic throughout C, as desired.
Lemma 3.6. Let x ∈ (0, 1) and let g(s, α) = N s α (x) be defined by (3.6) for complex values of s and α satisfying s < 1 and α > 0. We then have:
is an analytic function of s for s < 1; and (ii) For each fixed s such that s < 1, g(s, α) is an analytic of α for α > 0.
In other words, for each fixed
Proof. We express the integral that defines N s α as the sum g 1 (s, α) + g 2 (s, α) of two integrals, each one of which contains only one of the two singular points of the integrand (y = 0 and y = x):
sgn(x−y)|x−y| −2s y α−1 dy.
Lemma 3.5 tells us that g 1 is an analytic function of s and α for (s, α)
Integration by parts in the g 2 term, in turn, yields
But, writing the the integral on the right-hand side of (3.8) in the form´1 x/2 = x x/2 +´1 x and applying Lemma 3.5 to each one of the resulting integrals shows that the quantity (1 − 2s)g 2 (s, α) is an analytic function of s and α for (s, α) ∈ D 2 = C × {α > 0}. In view of the (1 − 2s) factor, however, it still remains to be shown that g 2 (s, α) is analytic at s = 1/2 as well.
To check that both g 2 (s, α) and g(s, α) are analytic around s = 1/2 for any fixed α ∈ { α > 0}, we first note that since´1 0 1 · y α−1 dy is a constant function of x we may write
But since we have the uniform limit
as complex values of s approach s = 1/2, we see that g is in fact a continuous and therefore, by Riemann's theorem on removable singularities, analytic at s = 1/2 as well. The proof is now complete.
Theorem 3.7. Let s ∈ (0, 1) and α > 0. Then N s α (x) can be analytically continued to the unit disc {x : |x| < 1} ⊂ C if and only if either α = s + n or α = 2s + n for some n ∈ N ∪ {0}. In the case α = s + n, further, we have
where, for a given complex number z and a given non-negative integer k
denotes the Pochhamer symbol.
Proof. We first assume s < 1 2 (for which the integrand in (3.6) is an element of L 1 (0, 1)) and α < 2s (to enable some of the following manipulations); the result for the full range of s and α will subsequently be established by analytic continuation in these variables. Writing
after a change of variables and some simple calculations for x ∈ (0, 1) we obtain
It then follows that .12), and, after the change of variables w = 1/r, the second integral is easily seen to equal the difference
In view of (3.12) and the right-hand expressions in equation (3.13) we can now write (3.14)
for all x ∈ (0, 1), 0 < s < 1 2 and 0 < α < 2s. Using Euler's reflection formula Γ(z)Γ(1 − z) = π csc(πz) ([2, eq. 6.1.17]), and further trigonometric identities, equation (3.14) can also be made to read
The required x-analyticity properties of the function N s α (x) will be established by resorting to analytic continuation of the function N s α (x) to complex values of the variables s and α. In view of the special role played by the quantity q = α − 2s in (3.15), further, it is useful to consider the function M s q (x) = N s q+2s (x) where q is defined via the the change of variables α = q + 2s. Then, collecting for each n ∈ N ∪ {0} all the potentially singular terms in a neighborhood of q = n and letting G(s) := 2Γ(1 − 2s) cos(πs) we obtain
In order to obtain expressions for N s α (x) which manifestly display its analytic character with respect to x for all required values of s and α, we analytically continue the function M s q to all complex values of q and s for which the corresponding (s, α) point belongs to the domain D = {(s, α) :
To do this we consider the following facts:
(1) Since Γ(z) is a never-vanishing function of z whose only singularities are simple poles at the nonpositive integers z = −n (n ∈ N ∪ {0}), and since, as a consequence, 1/Γ(z) is an entire function of z which only vanishes at non-positive integer values of z, the quotient Γ(α)/Γ(1 + α − 2s) is analytic and non-zero for (s, α) ∈ D. (2) The function G(s) that appears on the right hand side of (3.16) (s = 1/2) can be continued analytically to the domain s < 1 with the value G(1/2) = π. Further, this function does not vanish for any s with 0 < s < 1.
is a meromorphic function of q-whose singularities are simple poles at the integer values q = n ∈ Z with corresponding residues given by (−1) n sin(π(q + s))/π. Further, for s ∈ Z the quotient vanishes if and only if q = n − s (or equivalently, α = s + n) for some n ∈ Z. (4) For each x in the unit disc {x ∈ C : |x| < 1} the infinite series on the right-hand side of (3.15) converges uniformly over compact subsets of D \ {α = 2s + n, n ∈ N ∪ {0}}. This is easily checked by using the asymptotic relation [2, 6.
, and taking into account that the functions s → (2s) k and s → 1/Γ(2s) are entire and, thus, finite-valued for each s ∈ C and each k ∈ N ∪ {0}. (5) For each fixed s ∈ C and each x ∈ C with |x| < 1 the series on the right hand side of (3.15) is a meromorphic function of q containing only simple polar singularities at q = n ∈ N ∪ {0}, with corresponding residues given by (2s) n x n /n!. Indeed, point (4) above tells us that the series is an analytic function of q for q ∈ N ∪ {0}; the residue at the non-negative integer values of q can be computed immediately by considering a single term of the series. (6) The residue of the two terms under brackets on the right-hand side of (3.16) are negatives of each other. This can be established easily by considering points (3) and (5) as well as the identity lim q→n (−1) n G(s) sin(π(q+s))/π = 1/Γ(2s)-which itself results from Euler's reflection formula and standard trigonometric identities. (7) The sum of the bracketed terms in (3.16) is an analytic function of q up to and including non-negative integer values of this variable, as it follows from point (6). Its limit as q → n, further, is easily seen to equal the product of an analytic function of q and s times the monomial x n .
Expressions establishing the x-analyticity properties of N s α (x) can now be obtained. On one hand, by Lemma 3.6 the function N s α (x) is a jointly analytic function of (s, α) in the domain D. In view of points (3) through (7), on the other hand, we see that the right-hand side expression in equation (3.15) is also an analytic function throughout D. Since, as shown above in this proof, these two functions coincide in the open set U := (0, 1 2 ) × (0, 2s) ⊂ D, it follows that they must coincide throughout D. In other words, interpreting the right-hand sides in equations (3.15) and (3.16) as their analytic continuation at all removable-singularity points (cf. points (2) and (6)) these two equations hold throughout D.
We may now establish the x-analyticity of the function N s α (x) for given α and s in D. We first do this in the case α = s + n with n ∈ N ∪ {0} and s ∈ (0, 1). Under these conditions the complete first term in (3.15) vanishes-even at s = 1/2-as it follows from points (1) through (3) . The function N s α (x) then equals the series on the right-hand side of (3.15) . In view of point (4) we thus see that, at least in the case α = s + n, N s α (x) is analytic with respect to x for |x| < 1 and, further, that the desired relation (3.9) holds.
In order to establish the x-analyticity of N s α (x) in the case α = 2s + n (or, equivalently, q = n) with n ∈ N ∪ {0} and s ∈ (0, 1), in turn, we consider the limit q → n of the right-hand side in equation (3.16) . Evaluating this limit by means of points (4) and (7) results in an expression which, in view of point (4), exhibits the x-analyticity of the function N s α for |x| < 1 in the case under consideration. To complete our description of the analytic character of N s α (x) for (α, s) ∈ D it remains to show that this function is not x-analytic near zero whenever (α − s) and (α − 2s) are not elements of N ∪ {0}. But this follows directly by consideration of (3.15)-since, per points (1), (2) and (3), for such values of α and s the coefficient multiplying the non-analytic term x −2s+α in (3.15) does not vanish. The proof is now complete.
3.2. Singularities on both edges. Utilizing Theorem 3.7, which in particular establishes that the image of the function u α (y) = y α (equation (3.5)) under the operator T s is analytic for α = s + n, here we consider the image of the function Remark 3.8. Theorem 3.7 states that the image of the aforementioned function u α under the operator T s is analytic not only for α = s + n but also for α = 2s + n. But, as shown in Remark 4.20, the smoothness and analyticity theory mentioned in point (ii) above, which applies in the case α = s + n, cannot be duplicated in the case α = 2s + n. Thus, except in Remark 4.20, the case α = 2s + n will not be further considered in this paper.
In view of Remark 3.2 and in order to obtain an explicit expression for T s [u] we first express the derivative of u in the form
and (using (2.3)) we thus obtain
On the other hand, in view of definitions (3.1) and (3.2) and Lemma 2.4 it is easy to check that
In order to characterize the image T s [u] of the function u in (3.17) under the operator T s , Lemma 3.9 below presents an explicit expression for the closely related function L s n . In particular the lemma shows that L s n is a polynomial of degree n−1, which implies that T s [u] is a polynomial of degree n.
Proof. We proceed by substituting (1 − y) s−1 in the integrand (3.19) by its Taylor expansion around y = 0,
and subsequently exchanging the principal value integration with the infinite sum (a step that is justified in Appendix A.2). The result is
In view of (3.9), equation (3.24) can also be made to read
or, interchanging of the order of summation in this expression (which is justified in Appendix A.3),
The proof will be completed by evaluating explicitly the coefficients a n k for all pairs of integers k and n.
In order to evaluate a n k we consider the Hypergeometric function
Comparing the a n k expression in (3.26) to (3.27) and taking into account the relation 1
(which follows easily from the recursion (z + 1) j = (z) j (z + j)/z for the Pochhamer symbol defined in equation (3.10)), we see that a n k can be expressed in terms of the Hypergeometric function 2 F 1 evaluated at z = 1: 
It then clearly follows that a n k = 0 for k ≥ n-since the term Γ(n − k) in the denominator of this expression is infinite for all integers k ≥ n. The series in (3.26) is therefore a finite sum up to k = n − 1 which, in view of (3.28), coincides with the desired expression (3.21). The proof is now complete. .17)) and where χ (0,1) denotes the characteristic function of the interval (0, 1). Then, defining the n-th degree polynomial p(
with L s n given by (3.21), for all x ∈ R such that x = 0 and x = 1 (cf. Remark 2.6) we have
and, consequently,
Proof. In view of equation (3.18) and Lemma 3.9 we obtain (3.29). The relation (3.30) then follows from Remark 3.3.
In view of equation 3.20 and Lemma 3.9, the results obtained for the image of u(y) = y s (1 − y) s y n under the operator T s can be easily adapted to obtain analogous polynomial expressions of degree exactly n for the image of the functioñ u(y) = y s−1 (1 − y) s−1 y n under the operator S s . And, indeed, both of these results can be expressed in terms of isomorphisms in the space P n of polynomials of degree less or equal than n, as indicated in the following corollary, Corollary 3.11. Let s ∈ (0, 1), m ∈ N, and consider the linear mappings P : P m → P m and Q : P m → P m defined by
Then the matrices [P ] and [Q] of the linear mappings P and Q in the basis {y n : n = 0, . . . , m} are upper-triangular and their diagonal entries are given by P nn = Γ(2s + n + 1) n! and
respectively. In particular, for s = 1 2 we have P nn = 2n Q nn = − 2 n for n = 0 and Q 00 = −2 log(2). (3.32)
Proof. The expressions for n = 0 and for P 00 follow directly from equations (3.18), (3.20) and (3.21) . In order to obtain Q 00 , in turn, we note from (3.20) that for n = 0 we have
does not depend on x and we therefore obtain 3s − 1, s) − B(s, s) ) .
In (2) 3.3. Diagonal Form of the Weighted Fractional Laplacian. In view of the form of the mapping P in equation (3.31) and using the "weight function"
(that is, φ smooth up to the boundary but it does not necessarily vanish on the boundary) we introduce the weighted version
of the operator T s in equation (3.3). In view of Lemma 2.3, K s can also be viewed as a weighted version of the Fractional Laplacian operator, and we therefore define
Remark 3.12. Clearly, given a solution φ of the equation In order to study the spectral properties of the operator (−∆)
which, together with the inner product Proof. Using the notation
) for p, q ∈ P n . But this follows directly from application of integration by parts and Fubini's theorem followed by an additional instance of integration by parts in (3.33) , and noting that the the boundary terms vanish by virtue of the weight ω s .
The orthogonal polynomials with respect to the inner product under consideration are the well known Gegenbauer polynomials [2] . These are defined on the interval (−1, 1) by the recurrence
for an arbitrary interval (a, b), the corresponding orthogonal polynomials can be easily obtained by means of a suitable affine change of variables. Using this orthogonal basis we can now produce an explicit diagonalization of the operator (−∆
Proof. By Lemma 3.13 the restriction of the operator (−∆) s ω to the subspace P m is self-adjoint and thus diagonalizable. We may therefore select polynomials q 0 , q 1 , . . . , q m ∈ P m (where, for 0 ≤ n ≤ m, q n is a polynomial eigenfunction of (−∆) s ω of degree exactly n) which form an orthogonal basis of the space P m . Clearly, the eigenfunctions q n are orthogonal and, therefore, up to constant factors, the polynomials q n must coincide with p n for all n, 0 ≤ n ≤ m. The corresponding eigenvalues can be extracted from the diagonal elements, displayed in equation (3.32), of the upper-triangular matrix [P ] considered in Corollary 3.11. These entries coincide with the constant term in (3.39) , and the proof is thus complete. Moreover in the interval (a, b), we have
Proof. for the eigenvalues (3.40) . This fact will be exploited in the following sections in order to obtain sharp Sobolev regularity results as well as regularity results in spaces of analytic functions.
As indicated in the following corollary, the background developed in the present section can additionally be used to obtain the diagonal form of the
where in this case the eigenvalues are given by
Proof. The proof for the interval [0, 1] is analogous to that of Theorem 3.14. In this case, the eigenvalues are extracted from the diagonal entries of the upper triangular matrix [Q] in equation (3.32) . A linear change of variables allows to obtain the desired formula for an arbitrary interval. log |x − y|T n (y)(1 − y 2 ) −1/2 dy = − π n T n for n = 0 −2 log(2) for n = 0 (where T n denotes the Tchevyshev polynomial of the first kind), and, on the other hand, to the relation
(where U n denotes the Tchevyshev polynomial of the second kind).
Regularity Theory
This section studies the regularity of solutions of the fractional Laplacian equation (1.1) under various smoothness assumptions on the right-hand side f -including treatments in both Sobolev and analytic function spaces, and for multi-interval domains Ω as in Definition 2.1. In particular, Section 4.1 introduces certain weighted Sobolev spaces H r s (Ω) (which are defined by means of expansions in Gegenbauer polynomials together with an associated norm). The space A ρ of analytic functions in a certain "Bernstein Ellipse" B ρ is then considered in Section 4.2. The main result in Section 4.1 (resp. Section 4.2) establishes that for right-hand sides f in the space H 4.1. Sobolev Regularity, single interval case. In this section we define certain weighted Sobolev spaces, which provide a sharp regularity result for the weighted Fractional Laplacian (−∆) s ω (Theorem 4.12) as well as a natural framework for the analysis of the high order numerical methods proposed in Section 5. It is noted that these spaces coincide with the non-uniformly weighted Sobolev spaces introduced in [5] ; Theorem 4.14 below provides an embedding of these spaces into spaces of continuously differentiable functions. For notational convenience, in the present discussion leading to the definition 4.6 of the Sobolev space H r s (Ω), we restrict our attention to the domain Ω = (−1, 1); the corresponding definition for general multi-interval domains then follows easily.
In order to introduce the weighted Sobolev spaces we note that the set of Gegenbauer polynomials C 
. 
In view of the expression
for the derivative of a Gegenbauer polynomial (see e.g. [37, eq. 4.7.14]), we have
Thus, using term-wise differentiation in (4.2) we may conjecture that, for sufficiently smooth functions v, we have
where v (k) (x) denotes the k-th derivative of the function v(x) and where, calling
the coefficients in (4.6) are given by
Lemma 4.2 below provides, in particular, a rigorous proof of (4.6) under minimal hypothesis. Further, the integration by parts formula established in that lemma together with the asymptotic estimates on the factors B Proof. Equation (4.9) results from iterated applications of integration by parts together with the relation [2, eq. 22.13.2] The lemma now follows by estimating the asymptotics of the product term on the right-hand side of (4.10) as j → ∞. we then obtain
Lemma 4.2 (Integration by parts). Let k ∈ N and let
In view of (4.11), the right hand side in this equation is bounded for all j ≥ 0. The proof now follows from Lemma 4.3.
We now define a class of Sobolev spaces H 
The r-th order space H 
From Lemma 4.3 we then obtain
for certain constants D 1 and D 2 , where v
the claimed norm equivalence for r = k ∈ N ∪ {0} and v ∈ C ∞ [a, b] follows.
Sharp regularity results for the Fractional Laplacian in the Sobolev space H r s (a, b) can now be obtained easily. Proof. Follows from Theorem 4.12 and Remark 3.12.
The classical smoothness of solutions of equation (1.1) for sufficiently smooth right-hand sides results from the following version of the "Sobolev embedding" theorem. 
Proof. Without loss of generality we restrict attention to (a, b) = (−1, 1). Let 0 ≤ ≤ k and let v ∈ H r s (−1, 1) be given. Using the expansion (4.2) and in view of the relation (4.4) for the derivative of a Gegenbauer polynomial, we consider the partial sums
that result as the partial sums corresponding to (4.2) up to j = n are differentiated times. But we have the estimate
which is an immediate consequence of [37, Theorem 7.33.1] . Thus, taking into account (4.11), we obtain
for some constant C( ). Multiplying and dividing by (1 + j 2 ) r/2 and applying the Cauchy-Schwartz inequality in the space of square summable sequences it follows that
We thus see that, provided r − (s + 2 + 1/2) > 1/2 (or equivalently, r > 2 + s + 1), v .17), it is easily checked that there exists a constant M ( ) such that We thus consider the Bernstein ellipse E ρ , that is, the ellipse with foci ±1 whose minor and major semiaxial lengths add up to ρ ≥ 1. We also consider the closed set B ρ in the complex plane which is bounded by E ρ (and which includes E ρ , of course). Clearly, any analytic function f over the interval [−1, 1] can be extended analytically to B ρ for some ρ > 1. We thus consider the following set of analytic functions.
Definition 4.17. For each ρ > 1 let A ρ denote the normed space of analytic
Theorem 4.18. For each f ∈ A ρ we have ((−∆)
Proof. Let f ∈ A ρ and let us consider the Gegenbauer expansions
In order to show that ((−∆) s ω ) −1 f ∈ A ρ it suffices to show that the right-hand series in this equation converges uniformly within B ρ1 for some ρ 1 > ρ. To do this we utilize bounds on both the Gegenbauer coefficients and the Gegenbauer polynomials themselves.
In order to obtain suitable coefficient bounds, we note that, since f ∈ A ρ , there indeed exists ρ 2 > ρ such that f ∈ A ρ2 . It follows [41] that the Gegenbauer coefficients decay exponentially. More precisely, for a certain constant C we have the estimate 
that expresses Gegenbauer polynomials C (s+1/2) j in terms of Jacobi polynomials
In order to the adequately account for the growth of the Gegenbauer polynomials, on the other hand, we consider the estimate Let now ρ 1 ∈ [ρ, ρ 2 ). In view of (4.19) and (4.20) we see that the j-th term of the right-hand series in equation (4.18) satisfies
. Taking ρ 1 ∈ (ρ, ρ 2 ) we conclude that the series converges uniformly in B ρ1 , and that the limit is therefore analytic throughout B ρ , as desired. Finally, taking ρ 1 = ρ in (4.21) we obtain the estimates
which establish the stated continuity condition. The proof is thus complete.
Corollary 4.19. Let f ∈ A ρ . Then the solution u of (1.1) can be expressed in the form u = ω s φ for a certain φ ∈ A ρ .
Proof. Follows from Theorem 4.18 and Remark 3.12.
Remark 4.20. We can now see that, as indicated in Remark 3.8, the smoothness and analyticity theory presented throughout Section 4 cannot be duplicated with weights of exponent 2s, in spite of the "local" regularity result of Theorem 3.7-that establishes analyticity of T [y α ](x) around x = 0 for both cases, α = s + n and α = 2s + n. Indeed, we can easily verify that T (y 2s (1 − y) 2s y n ) cannot be extended 
s χ (ai,bi) (x) and relying on Corollary 2.5, we define the multi-interval weighted fractional Laplacian operator on Ω by (−∆)
, where φ : R → R. In view of the various results in previous sections it is natural to use the decomposition (−∆)
φ is a block-diagonal operator and where R s is the associated off-diagonal remainder. Using integration by parts is easy to check that
Theorem 4.21.
Let Ω be given as in Definition 2.
is clearly compact in L 2 s (Ω) since the eigenvalues λ s j tend to infinity as j → ∞ (cf. (3.40) ). On the other hand, the kernel of the operator R s is analytic, and therefore R s is continuous (and, indeed, also compact) in L To establish the injectivity of this operator, assume φ ∈ L 2 s solves the homogeneous problem. Then K s (φ) = −R s (φ), and since R s (φ) is an analytic function of x, in view of the mapping properties established in Theorem 4.18 for the self operator K s (which coincides with the single-interval version of the operator (−∆) s ω )), we conclude the solution φ to this problem is again analytic. Thus, a solution to (1.1) for a null right-hand side f can be expressed in the form be u = ω s φ for a certain function φ which is analytic throughout Ω. But this implies that the function u = ω s φ belongs to the classical Sobolev space H s (Ω). (To check this fact we consider that (a) ω s ∈ H s (Ω), since, by definition, the Fourier transform of ω s coincides (up to a constant factor) with the confluent hypergeometric function M (s + 1, 2s + 2, ξ) whose asymptotics [2, eq. 13.5.1] show that ω s in fact belongs to the classical Sobolev space H s+1/2−ε (Ω) for all ε > 0; and (b) the product f g of functions f , g in H s (Ω) ∩ L ∞ (Ω) is necessarily an element of H s (Ω)-as the Aronszajn-Gagliardo-Slobodeckij semi-norm [17] of f g can easily be shown to be finite for such functions f and g, which implies f g ∈ H s (Ω) [17, Prop 3.4] ). Having established that u = ω s φ ∈ H s (Ω), the injectivity of the operator in (4.23) in L 2 s (Ω) follows from the uniqueness of H s solutions, which is established for example in [3] . As indicated above, this injectivity result suffices to establish the claimed existence of an L Assuming f is analytic (resp. belongs to H r s (Ω)), finally, the regularity claims now follow directly from the single-interval results of Sections 4.1 and 4.2, since a solution φ of (−∆)
The proof is now complete.
High Order Numerical Methods
This section presents rapidly-convergent numerical methods for single-and multiinterval fractional Laplacian problems. In particular, this section establishes that the proposed methods, which are based on the theoretical framework introduced above in this paper, converge (i) exponentially fast for analytic right-hand sides f , (ii) superalgebraically fast for smooth f , and (iii) with convergence order r for f ∈ H r s (Ω).
5.1. Single-Interval Method: Gegenbauer Expansions. In view of Corollary 3.15, a spectrally accurate algorithm for solution of the single-interval equation (3.35) (and thus equation (1.1) for Ω = (a, b)) can be obtained from use of Gauss-Jacobi quadratures. Assuming (a, b) = (−1, 1) for notational simplicity, the method proceeds as follows: 1) The continuous scalar product (4.3) with v = f is approximated with spectral accuracy (and, in fact, exactly whenever f is a polynomial of degree less or equal to n + 1) by means of the discrete inner product
where (x i ) n i=0 and (w i ) n i=0 denote the nodes and weights of the Gauss-Jacobi quadrature rule of order 2n + 1. (As is well known [23] , these quadrature nodes and weights can be computed with full accuracy at a cost of O(n) operations.) 2) For each i, the necessary values C (s+1/2) j (x i ) can be obtained for all j via the three-term recurrence relation (3.38) , at an overall cost of O(n 2 ) operations. The algorithm is then completed by 3) Explicit evaluation of the spectrally accurate approximation
that results by using the expansion (4.2) with v = f followed by an application of equation (3.41) and subsequent truncation of the resulting series up to j = n. The algorithm requires accurate evaluation of certain ratios of Gamma functions of large arguments; see equations (3.40) and (4.1), for which we use the Stirling's series as in [23, Sec 3.3.1] . The overall cost of the algorithm is O(n 2 ) operations. The accuracy of this algorithm, in turn, is studied in section 5.3. s . Thus, in order to evaluate the aforementioned forward map it now suffices to evaluate numerically the off-diagonal operator R s in equation (4.22 ).
An algorithm for evaluation of R s [φ](x) for x ∈ (a j , b j ) can be constructed on the basis of the Gauss-Jacobi quadrature rule for integration over the interval (a , b ) with = j, in a manner entirely analogous to that described in Section 5.1. Thus, using Gauss-Jacobi nodes and weights y ( ) i and w ( ) i (i = 1, . . . , n ) for each interval (a , b ) with = j we may construct a discrete operator R n that can be used to approximate R s [φ](x) for each given functionφ and for all observation points x in the set of Gauss-Jacobi nodes used for integration in the interval (a j , b j ) (or, in other words, for x = y (j) k with k = 1, . . . , n j ). Indeed, consideration of the numerical approximation
suggests the following definition. Using a suitable ordering to define a vector Y that contains all unknowns corresponding toφ(y s,n R s,n ) in hand, the multi-interval algorithm is completed by means of an application of a suitable iterative linear algebra solver; our implementations are based on the Krylov-subspace iterative solver GMRES [34] . Thus, the overall cost of the algorithm is O(m · n 2 ) operations, where m is the number of required iterations. (Note that the use of an iterative solver allows us to avoid the actual construction and inversion of the matrices associated with the discrete operators in equation (5.2), which would lead to an overall cost of the order of O(n 3 ) operations.) As the equation to be solved originates from a second kind equation, it is not unreasonable to anticipate that, as we have observed without exception (and as illustrated in Section 6), a small number of GMRES iterations suffices to meet a given error tolerance. 
. holds for every f ∈ H r s (a, b).
Proof. As before, we work with (a, b) = (−1, 1). Let f be given and let p n denote the n-degree polynomial that interpolates f at the Gauss-Gegenbauer nodes (x i ) 0≤i≤n . Since the Gauss-Gegenbauer quadrature is exact for polynomials of degree less or equal than 2n + 1, the approximate Gegenbauer coefficient f (n) j (equation (5.1)) coincides with the corresponding exact Gegenbauer coefficient of p n : using the scalar product (3.37) we have
It follows that the discrete operator K s,n satisfies K −1
where D 2 denotes the continuity modulus of the operator K 
In order to obtain a bound for the quantities |f j − f (n) j | we utilize the estimate (5.9)
that is provided in [ 
It follows that the infinity norm of the left-hand side in equation (5.8) satisfies Proof. It is is easy to check that the family {R s,n } (n ∈ N) of discrete approximations of the off-diagonal operator R s is collectively compact [27] in the space H r s (Ω) (r > 0). Indeed, it suffices to show that, for a given bounded sequence {φ n } ⊂ H r s (Ω), the sequence R s,n [φ n ] admits a convergent subsequence in H r s (Ω). But, selecting 0 < r < r, by Remark 4.9 we see that φ n admits a convergent subsequence in H r s (Ω). Thus, in view of the smoothness of the kernel of the operator R s , the bounds for the interpolation error (5.6) applied to the product of φ n and the kernel (and its derivatives), and the fact that the Gauss-Gegenbauer quadrature rule is exact for polynomials of degree ≤ 2n + 1, R s,n [φ n ] converges in H t s (Ω) for all t ∈ R and, in particular for t = r. Thus, the family {R s,n } is collectively compact in H r s (Ω), as claimed, and therefore so is K −1 n,s R n,s . Then [27, Th. 10.12] shows that, for some constant C, we have the bound
The proof in the Sobolev case now follows from (5.11) together with equations (5.5) and (5.6) and the error estimates in Theorem 5.1. The proof in the analytic case, finally, follows from the bound (5.9), Theorem 5.3 and an application of Theorem 4.14 to the left-hand side of equation (5.11).
Numerical Results
This section presents a variety of numerical results that illustrate the properties of algorithms introduced in Section 5. The efficiency of these method is largely independent of the value of the parameter s, and, thus, independent of the sharp boundary layers that arise for small values of s. To illustrate the efficiency of the proposed Gegenbauer-based Nyström numerical method and the sharpness of the error estimates developed in Section 5, test cases containing both smooth and non-smooth right hand sides are considered. In all cases the numerical errors were estimated by comparison with reference solutions obtained for larger values of N . Additionally, solutions obtained by the present Gegenbauer approach were checked to agree with those provided by the finite-element method introduced in [3] , thereby providing an independent verification of the correcteness of proposed methodology. A solution for a multi-interval (two-interval) test problem with right hand side f = 1 is displayed in Figure 6 .3. A total of five GMRES iterations sufficed to reach the errors displayed for each one of the discretizations considered on the righthand table in Figure 6 .3. The computational times required for each one of the discretizations listed on the right-hand table are of the order of a few hundredths of a second.
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The authors thankfully acknowledge support from various agencies. GA work was partially supported by CONICET, Argentina, under grant PIP 2014-2016 11220130100184CO. JPB's and MM's efforts were made possible by graduate fellowship from CONICET, Argentina. OB efforts were supported by the US NSF and AFOSR through contracts DMS-1411876 and FA9550-15-1-0043, and by the NSSEFF Vannevar Bush Fellowship under contract number N00014-16-1-2808. We note that interchanging the limit and differentiation processes on the left hand side of this equation would result precisely in the right-hand side of equation (2.13)-and the lemma would thus follow. Since F ε converges throughout Ω as ε → 0, to show that the order of the limit and differentiation can indeed be exchanged it suffices to show [33, Th. 7.17 ] that the quantity d dx F ε (x) converges uniformly over compact subsets K ⊂ Ω as ε → 0.
To establish the required uniform convergence property over a given compact set K ⊂ Ω let us first define a larger compact set K * = [a, b] ⊂ Ω such that K ⊂ U ⊂ K * where U is an open set. Letting ε 0 be sufficiently small so that B ε0 (x) ⊂ K * for all x ∈ K, for each ε < ε 0 we may then write N (x − y)R(x, y), where N (x, y) = ∂ ∂x Φ s (x−y)(y −x). Since v ∈ C 1 (Ω) there exists a constant C K,K * such that |R(x, y)| < C K,K * for all (x, y) in the compact set K × K * ⊂ Ω × Ω. In particular, for each x ∈ K the product N (x − y)R(x, y) is integrable over K * , and therefore the difference between Γ 2 ε (x) and its limit satisfies Lemma A.1. Upon substitution of (3.22) , the quantity L In view of (3.22) , v m converges (uniformly) to the smooth function v ∞ (y) = y s−1 y n (1 − y) s−1 for all y in the present domain of integration. As shown below, interchange of this uniformly convergent series with the PV integral will then allow us to complete the proof of the lemma.
In order to justify this interchange we replace the expansion Indeed, the first expression results from an application of the dominated convergence theorem-which is justified in view of (A.8) since R m (x, y) is an increasing sequence-while the second equality, which puts our integral in "principal value" form, follows directly in view of the integrand's integrability. 
in order to show that the summation signs in (3.25) can be interchanged it suffices to show that the series j,k a jk is absolutely convergent. To do this we write 
and, in view of the fact that, in particular,
It follows that 1 ∼ ln k as k → ∞, the sum j,k a jk is absolutely convergent for every x ∈ (0, 1), as needed.
